We review here how Newton's law can be approximately recovered in the simple, "paradigmatic", case of a flat Z 2 -symmetric brane in a 5-D anti-de Sitter bulk. We then comment on the difficulties encountered so far in extending this analysis to cosmological perturbations on a Robertson-Walker brane.
I. Introduction
Since the seminal papers by Randall and Sundrum [1] there has been an increasing interest for gravity theories within spacetimes with one large extra dimension and the idea that our universe may be a four dimensional singular hypersurface, or "brane", in a five dimensional spacetime, or "bulk". The Randall-Sundrum scenario [1] , where our universe is a four dimensional quasi-Minkowskian edge of a double-sided perturbed anti-de Sitter spacetime, was the first explicit model where the linearized Einstein equations were found to hold on the brane, apart from small 1/r 2 corrections to Newton's potential. This claim was thoroughly analyzed and the corrections to Newton's law exactly calculated [2] . Cosmological models were then built, where the brane is taken to be a Robertson-Walker spacetime embedded in an anti-de Sitter bulk [3] . The perturbations of these models, in the view of calculating the microwave background anisotropies, are currently being studied and compared to the perturbations of standard, four dimensional, Friedmann universes [4] .
In this contribution we review the approach advocated in [5] .
II. The bulk gravitons
In the conformally Minkowskian coordinates X A = {x µ = [T, r = (x 1 , x 2 , x 3 )], X 4 = w} the line element of a five dimensional perturbed anti-de Sitter spacetime reads
where L is a (positive) constant and γ AB fifteen fonctions of the five coordinates X A . V 5 is defined as the part of this perturbed AdS 5 spacetime bounded by a 4D timelike hypersurface Σ and w = +∞ ; Σ is such that the coordinates X A cover the whole of V 5 . V 5 is taken to be an Einstein space, that is a solution of the Einstein equations R AB = − 4 L 2 G AB where R AB is the Ricci tensor of the metric G AB . These equations are, at linear order in γ AB :
where all indices are raised with
, the metric coefficients transform at first order as
and it is easy to see that one can choose five functions ǫ A such that (with tildes dropped)
These conditions reduce the fifteen metric coefficients to the ten γ µν but do not fix the gauge completely, as they do not uniquely determine the five functions ǫ A . Indeed, if we perform the further coordinate transformation
and c µ (x ν ) are five arbitrary fonctions of the four coordinates x ν , then the new metric coefficients satisfyγ Aw = 0 as well, and
In the (hence) class of coordinate systems (2.3-4) the Einstein linearised equations (2.2) reduce to (with tildes dropped)
where now all indices are raised with η µν , γ ≡ γ µ µ and 4 ≡ ∂µ∂ µ . The first three, constraint, equations are easily solved :
where C(x ν ) and D µ (x ν ) are five arbitrary functions of the four coordinates x ν . Now these five functions do not describe any perturbation of the geometry and can be chosen at will. In particular they can be set to zero. Indeed if we perform a coordinate change which transforms the metric coefficients acccording to (2.4) , and choose d and c µ such that 4 
solves the constraint equations and reduces the ten metric coefficients γ µν (X A ) to five, which represent the five degrees of freedom of AdS 5 gravitational waves/gravitons.
As for the fourth, evolution, equation (2.5) it reduces in the gauge (2.7) to
• Remark on gaussian normal gauges. Another gauge is frequently used : a gaussian normal gauge which belongs to the class (2.3), so that its metric coefficients are related to the transverse traceless ones by (2.4) , but which is adapted to the boundary Σ of V 5 , whose equation, in the coordinate system (2.7) is w = L + ζ(x µ ). This gaussian normal coordinate system X (G)A is defined at linear order in ζ by
In that gauge the metric coefficients are related to the transverse traceless ones (2.7) (2.8) by
They can be obtained alternatively by choosing
whose general solution is (2.9 ). An important feature of this gaussian normal gauge is that the metric coefficients diverge for large w. At linear order in ζ this gauge artefact is well under control, but becomes a nuisance when one treats more elaborate models, e.g. cosmological branes or black holes on branes, as the boundary condition on the metric coefficients is no longer that they must converge when w → ∞. We shall therefore stick to the gauge (2.7).
• AdS 5 vs bulk gravitons. The general solution of (2.8) depends on the boundary conditions and, as usual, we impose that it converges (more precisely is L 2 ) on its domain of definition.
If the spacetime we consider spans the whole w axis then
η ρσ e ρσ = 0 (2.11) where the five polarisations e µν are a priori arbitrary functions of k i and m and where
2 (mw) is an a priori arbitrary linear combination of second order Hankel functions of first and second kinds. The coefficient a m is determined by the model at hand and one usually eliminates the mode coming from +∞, that is sets a m = 0 . The "zero modes" are the particular, bounded, solutions of (2.8) which do not depend on w
Now, if the spacetime we consider is V 5 (which is delineated by the hypersurface Σ and w → +∞) then w is bounded by Σ and does not go to −∞. Equation (2.8) then possesses extra L 2 modes which converge exponentially as w → +∞. The general solution of (2.8) in V 5 is therefore the sum of (2.11) and
2 (i |A| w) with
13) The static modes are the particular solutions which do not depend on time :
2 (ikw) . (2.14)
III. The equations for gravity on a quasi-minkowskian brane
We consider in AdS 5 the hypersurface Σ defined, in the coordinate system (2.7), by
where the function ζ(x µ ) is a priori arbitrary and describes the so-called "brane-bending" effect. The induced metric on Σ is
where γ µν (x µ , w) is a solution of (2.7) (2.8) and where the index Σ means that the quantity is evaluated at w = L. (Alternatively this induced metric can be obtained using the gaussian normal system introduced in (2.9), in which the equation of Σ is w G = L and
The Randall-Sundrum brane scenario is obtained by cutting AdS 5 along Σ, by making a copy of the w ≥ L + ζ side and pasting it along Σ. Imposing that the linearised Einstein equations be valid everywhere in this new "bulk" manifold, including its edge, or brane, yields the Israel junction conditions which give the stress-energy tensor of the matter in the brane Σ as κT 
Equations (3.2) and (3.3) together with (2.7) and (2.8) completely describe gravity in the brane. They have two useful consequences
Let us compare them to the standard 4D Einstein equations. In order to do so, we first perform a coordinate transformation x µ → x µ = x * µ + ǫ µ . Then the new metric coefficients
satisfy the harmonicity condition
Taking the d'Alembertian of (3.5) and using (3.3) (2.7) and (2.8) we get the following consequence of the brane gravity equations
where we have identified κ L ≡ 8πG, G being Newton's constant. Now, the standard linearized Einstein equations on a 4D Minkowski background read, in harmonic coordinates
They hold for any type of matter (compatible with the harmonicity condition, or, equivalently with the Bianchi identity ∂ ρ S ρ ν = 0). By contrast, the linearized equations for gravity on a brane are (3.7), provided the source S µν satisfies the junction condition (3.3) . This proviso may restrict the type of matter which is allowed on the brane : if, for example, only zero modes are allowed in the bulk, then (3.7) reduces to the Einstein linearized equations, but, since the last term in (3.3) is absent, the derivatives ∂ λ (S µν − 1 3 η µν S) must be symmetric in λ and µ, a property which is not satisfied by standard matter.
In order to dwell on that point, let us decompose the stress-energy tensor of matter in Fourier space into the traditional form :
where
We Fourier transform similarly ζ and γ µν . The junction conditions (3.3) then read
(which can be further simplified usingγ 00 =γ l l and −iγ 0µ = k lγ l µ ). Suppose now that only the zero modes are allowed in the bulk. Then, since ∂ wγµν|Σ = 0 in that case, the matter on the brane is forced to obey the very contrived equation of statê
As for the only free functionΠ it is given in terms of the brane bending functionζ by : κΠ = 2ζ. Now, of course, the junction conditions are better seen as boundary conditions on the allowed modes in the bulk. Indeed, if matter on the brane is known, then (3.3) or (3.10) can be inverted to giveζ and ∂ wγµν|Σ in terms ofŜ µν . Now, from (2.11) and (2.13) we have
1 (i |A|L) (3.12) which, in principle, gives by inversion the polarisations e µν in terms of the brane matter source, and hence the allowed bulk gravitons. Then the induced metric on the brane (3.2) is known in terms of the matter variables and can be compared with the usual 4D Einstein result. This programme however has only been completed in the particular case of a point static source.
IV. The 1/r 2 correction to Newton's law
Let us concentrate on a static, point-like source
The junction conditions (3.3) or (3.10) then give, usingδ =
Now, the static bulk modes are given by (2.14) :γ
2 (ikw) and their w-derivatives on Σ by (3.12) 
1 (ikL). Equation (4.2) therefore gives the polarisations in terms of the brane stress-energy tensor as
The bulk metric is then known as : Let us now concentrate on the h 00 component of the metric on the brane (which is the same in the x µ coordinates and the harmonic coordinates x * µ ). With ζ given by (4.2) it readsĥ
Taking the Fourier transform and integrating over angles we obtain, setting α = r/L and recalling that
It is a (fairly) straightforward exercise to see that lim α→0
At short distances the correction to Newton's law is in L/r, whereas as distances large compared with the characteristic scale L of the anti-de Sitter bulk the correction is reduced by another L/r factor lim r/L→∞
V. Cosmological branes and their perturbations
Let us now consider in (unperturbed) AdS 5 spacetime with line element ds
with H ≡ȧ a , a dot denoting differentiation with respect to t such that dt = a(η)dη. Σ is then a spatially flat Robertson-Walker 4D spacetime with scale factor a(η) and line element (
One now cuts AdS 5 along Σ, keeps the part between Σ and w → +∞, copies it and pastes it along Σ. Imposing the Einstein equations to be satisfied everywhere in this bulk, including the brane Σ, yields the Israel junction conditions
where S µν is the stress-energy tensor of matter on the brane and K µν the extrinsic curvature of Σ in AdS 5 . For Σ defined by (5.1) they read, setting S 
At late times the first one becomes 8πGρ → 3H 2 (with the identification κ L = 8πG) and the equations for gravity on the brane become the standard Friedmann equations. If matter on the brane is imposed to be a scalar field Φ(t) with potential V (Φ) and tension 6 κL , the junction equations (5.3) read
We now allow for gravitons in the bulk and perturb the position of Σ. The equations for Σ are then taken to be
The line element on Σ becomes
( 5.8) where γ µν | Σ is given by (2.11) and (2.13) with w and T given by (5.1). Equations (5.7-8) generalize (3.2) to a Robertson-Walker brane and reduce to it when a = 1.
As for the spatial part of the junction conditions (5.3) it becomes, in the particular case when matter on the brane is imposed to be the perturbed scalar field Φ(t) + χ(η, x i ) (Φ(t) solving (5.5))
(5.9) where on the right-hand side spatial indices are raised with δ ij . Equation (5.9) is the generalisation of the spatial part of (3.3) to a cosmological brane and reduces to it when a = 1. As for the (00) and (0i) parts of the junction conditions they can be replaced by the Klein-Gordon equation for the scalar field, which reads
Equations (5.7-10) completely describe the perturbations of a cosmological brane when matter is imposed to reduce to a scalar field.
At that stage, one could put them in a form akin to (3.7) and compare them to the usual equations for cosmological perturbations in 4D Einstein gravity. However, as we have already seen such equations would be only a consequence of the junction conditions, and not equivalent to them. It is therefore better to stick to (5.7-10) . The junction conditions (5.9-10) must be seen as boundary conditions giving the polarisations of the bulk gravitons as well as ζ in terms of χ. The induced metric (5.7-8 ) is then in principle also known in terms of χ. Such a programme has however not yet been carried out explicitely (recall that in the much simpler case of a quasi-minkowskian brane it has been carried out only when matter on the brane is a static point-like source, see Section IV).
One can nevertheless get further insight into them by introducing the spatial tensor
and casting (5.9) into a traceless and trace part :
(5.12)
In doing so, the following, partial but explicit, result can be obtained : suppose the only modes allowed in the bulk are the zero modes (2.12) and assume (without loss of generality) that k 1 = k 2 = 0, k 3 ≡ k. The transverse and traceless properties of e µν then imply that the five possible polarisations are characterised by e 11 , e 12 , e 13 , e 23 and e 33 , the other components being e 0i = −e i3 , e 00 = e 33 , and e 22 = −e 11 .
The junction conditions (5.11-12) then tell us first that e 13 and e 23 remain free and correpond to 4D gravitational waves freely propagating in the brane ; they also tell us that e 12 = e 11 = e 22 = 0, so that only e 33 = −e 03 = e 00 ≡ e(k) can couple to the brane scalar field ; finally they give The metric on the brane is then given by (5.7-8) , with ζ given above and γ 33|Σ (η, z) = −γ 03|Σ (η, z) = γ 00|Σ (η, z) = Re dk √ 2π e ik(z−T (η)) e(k) . (5.15) Hence the perturbations of this particular cosmological brane are completely known in terms of e(k). Before eventually comparing them with the standard 4D perturbations of chaotic inflationary models, one must first decide on the k dependence of e(k). One could try and argue that what matters is matter on the brane and, hence, that one should impose the field χ to be in its vacuum state which would amount, in practice, to choosing e(k) k
. One could on another hand argue that gravitons in the bulk should be in their vacuum state and impose e(k) ∝ 1 √ 2k
. The right answer to this question implies a proper, non trivial, and yet to be done quantisation of the only action we dispose of, that is bulk √ −g 5 (R + Λ)d
